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Abstract
We discuss the infinitesimal affine transformations of the Berwald connection of a spray, and the relation between the projective
transformations of a spray and the affine transformations of its Berwald–Thomas–Whitehead connection.
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1. Introduction
In the context of differential geometry, an affine transformation of a manifold with a connection is a diffeomorphism
that preserves parallel transport, while a projective transformation is a diffeomorphism that maps each geodesic to a
geodesic as a path (that is, as a point set but possibly with a sense-preserving reparametrization). A vector field
whose flow consists of affine transformations is called an infinitesimal affine transformation; likewise, one whose
flow consists of projective transformations is an infinitesimal projective transformation.
Of course the infinitesimal affine transformations of Rn (with the standard flat connection) are the affine vector
fields in the usual sense. The infinitesimal projective transformations of real projective space Pm can be realised as
equivalence classes of linear vector fields on Rm+10 , where the subscript indicates the exclusion of the origin, modulo
constant multiples of the dilation field. The linear vector fields are just the infinitesimal affine transformations of Rm+10
which commute with the dilation field, while the constant multiples of the dilation field itself are the infinitesimal affine
transformations which are tangent to the fibration Rm+10 → Pm.
Our ultimate aim in this paper is to show that this relation between projective transformations of an m-dimensional
manifold and affine transformations of another manifold of dimension m+1, fibred over the first, holds in very general
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that associated with an m-dimensional manifold M there is a canonically defined (m+ 1)-manifold VM , fibred over
M , which stands in the same relation to M as Rm+1 does to Pm. Furthermore, if M is equipped with a spray S, and
the corresponding Berwald connection, then there is a uniquely-defined spray S˜ on VM , with corresponding Berwald
connection, which encodes all the projective information about S (and therefore about its projective equivalence class).
We called S˜ the Berwald–Thomas–Whitehead spray, or BTW-spray, of (the projective equivalence class of) S, and its
Berwald connection the Berwald–Thomas–Whitehead connection, or BTW-connection; the terminology is supposed
to suggest (what is in fact the case) that this is the generalization of a construction which in effect was first given,
for affine connections, by T.Y. Thomas [11,12] and Whitehead [13]. We will show here that infinitesimal projective
transformations of S correspond to infinitesimal affine transformations of the BTW-connection in exactly the same
way as we described above for projective space.
In order to achieve this objective we must define, and develop the properties of, infinitesimal affine transformations
of a Berwald connection. The transformation theory of sprays and Berwald connections was in vogue in the middle
of the last century—Chapter VIII of Yano’s book ‘The Theory of Lie Derivatives and its Applications’ [14] gives an
excellent survey of the state of the art in 1957—but then went out of fashion; the subject has been taken up again
very recently, by Lovas [4] and Tamim [10]. The definition of an infinitesimal affine transformation of a Berwald
connection is not entirely straightforward, because a Berwald connection is defined on a pull-back bundle (a pull-back
of a tangent bundle in fact). We feel that the concept of the Lie derivative of a section of such a pull-back bundle has
not received the careful geometrical consideration that it deserves. We will attempt to remedy this defect below; in
doing so we will introduce a broadening of the concept of infinitesimal affine transformation, compared with that of
the authors quoted above, which has some interesting and useful features.
We discuss the definition of the Lie derivative of a section of a pull-back of a tangent bundle in Section 2. In
Section 3 we review the basic theory of sprays and their Berwald connections, and we define the infinitesimal affine
transformations of a Berwald connection and discuss their properties in Section 4. Sections 5 and 6 are devoted
to the theory of infinitesimal projective transformations of sprays. In Section 7 we describe the construction of the
BTW-connection associated with a projective equivalence class of sprays. Sections 8 and 9 are devoted to the main
results, relating the projective transformations of a spray with the affine transformations of the BTW-connection of its
projective equivalence class. The final section contains an example.
2. Transformations of pull-back bundles
As a preliminary to our consideration of Berwald connections and their transformations, we make some general
observations regarding the pull-backs of tangent bundles, leading to a discussion of Lie derivatives of sections of such
a bundle.
Let π :E → B be a bundle, and π∗(T B) → E the pullback of T B to E. Let ϕ :E → E be a fibred map, fibred
over f :B → B . Then we can lift ϕ to a map ϕ˜ :π∗(T B) → π∗(T B), fibred over ϕ, as follows: for p ∈ E, u ∈ T B
with π(p) = τB(u), set
ϕ˜(p,u) = (ϕ(p),f∗(u)),
where f∗ :T B → T B is the tangent map to f . We have π ◦ ϕ = τB ◦ f∗ = f , so ϕ˜ is well-defined. In coordinates
(xα, yA,uα), with ϕ(x, y) = (f α(x),ϕA(x, y)), we have
ϕ˜(x, y,u) =
(
f α(x),ϕA(x, y),
∂f α
∂xβ
uβ
)
.
For two such maps ϕ1 and ϕ2 we have ϕ˜1 ◦ ϕ2 = ϕ˜1 ◦ ϕ˜2.
A projectable vector field Z on E lifts to a vector field Z˜ on π∗(T B) by applying the lifting process to its flow. If
Z = Xa(x) ∂
∂xa
+ZA(x, y) ∂
∂yA
,
so that
π∗Z = Xa ∂ = X say,
∂xa
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Z˜ = Xa(x) ∂
∂xα
+ZA(x, y) ∂
∂yA
+ ub ∂X
a
∂xb
∂
∂ua
.
Furthermore, ˜[Z1,Z2] = [Z˜1, Z˜2].
We shall refer to sections of π∗(T B)→ E as vector sections for brevity; in other terms, a vector section is a vector
field along π . Thus for example if Y is any vector field on E then π∗Y is a vector section.
Given any vector section ξ and any fibred diffeomorphism ϕ :E → E we can define a new vector section ϕ∗ξ by
ϕ∗ξ(p) = ϕ˜(ξ(ϕ−1(p))). We can thus define a Lie derivative operator of projectable vector fields on vector sections:
for any projectable vector field Z and vector section ξ set
LZξ = d
dt
(ψ(−t)∗ξ)t=0,
where ψt is the flow of Z. If we think of ξ as a derivation from functions on B to functions on E, we have for a
function F on B
LZξ(F ) = Z
(
ξ(F )
)− ξ(X(F)).
In coordinates
LZ
(
ξa
∂
∂xa
)
=
(
Xb
∂ξa
∂xb
+ZA ∂ξ
a
∂yA
− ξb ∂X
a
∂xb
)
∂
∂xa
.
For any vector field Y on E we have
LZ(π∗Y) = π∗[Z,Y ];
changing Y by the addition of a vertical vector field leaves this equality intact because Z is assumed to be projectable.
Any vector field on B defines a vector section by composition with the projection E → B; we will call such a
vector section basic, and use the same symbol for both vector field and basic vector section. If ξ is a basic vector
section then LZξ is the basic vector section [X,ξ ], where the bracket is the bracket of vector fields on B .
3. Sprays and Berwald connections
From now on, we focus our attention on a manifold M and its slit tangent bundle τ ◦M :T ◦M → M ; vector sections
will be sections of the pull-back bundle τ ◦∗M (TM) → T ◦M . We use coordinates (xa, ua) on T ◦M .
A connection of Berwald type on M is a covariant differentiation operator on sections of τ ◦∗M (TM) → T ◦M ,
determined by a horizontal distribution on T ◦M . Suppose that the horizontal distribution is spanned by vector fields
Ha where
Ha = ∂
∂xa
− Γ ba
∂
∂ub
.
Then the connection is given by
∇Ha
(
∂
∂xb
)
= Γ cab
∂
∂xc
, ∇Va
(
∂
∂xb
)
= 0,
where Va = ∂/∂ua and
Γ cab =
∂Γ ca
∂ub
;
it is not necessarily the case that Γ cba = Γ cab .
It is a defining property of a connection of Berwald type that it reduces to the canonical complete parallelism on
the fibres of τ ◦∗M (TM), that is, for any basic vector section ξ and any vertical vector field V , ∇V ξ = 0.
A connection of Berwald type is said to be homogeneous if the Γ a are homogeneous of degree 0 in the uα .bc
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S = ua ∂
∂xa
− 2Γ a ∂
∂ua
,
where the coefficients Γ a are homogeneous of degree 2 in the ua . Associated with a spray is a horizontal distribution
with
Γ ab =
∂Γ a
∂ub
,
and in turn a connection of Berwald type, which is called the Berwald connection of the spray. The Berwald connection
of a spray is homogeneous, as is its horizontal distribution; moreover for a Berwald connection we have Γ cba = Γ cab .
These matters are discussed in greater detail in, for example, [1,9].
4. Affine transformations of Berwald connections
Suppose that M is equipped with a spray S and the corresponding Berwald connection ∇ . Using the connection
one defines the covariant derivative of a vector section along a curve in T ◦M in the usual way; a vector section is
parallel along a curve if its covariant derivative is zero.
A fibred diffeomorphism of T ◦M which preserves parallelism is called an affine transformation. That is to say, a
fibred diffeomorphism ϕ :T ◦M → T ◦M is an affine transformation if for every curve σ in T ◦M and every parallel
vector section ξ along σ , ϕ∗ξ (which is a vector section along the image curve ϕ ◦ σ ) is again parallel.
For any frame {ea} at σ(0) (that is, any basis of Tτ ◦M(σ(0))M) there is a unique parallel frame {Ea(t)} along σ such
that Ea(0) = ea . For any vector section ξ along σ we may write ξ = ξaEa , and then ∇σ˙ ξ = ξ˙ aEa . If ϕ :T ◦M → T ◦M
is affine, then ϕ∗Eα is parallel along ϕ ◦ σ , and so
ϕ∗(∇σ˙ ξ ) = ξ˙ aϕ∗Ea = ∇ϕ∗σ˙ ϕ∗ξ.
It follows that a fibred diffeomorphism ϕ :T ◦M → T ◦M is an affine transformation if and only if
ϕ∗(∇Y ξ) = ∇ϕ∗Y ϕ∗ξ
for every vector field Y on T ◦M and every vector section ξ .
A complete projectable vector field Z on T ◦M is an infinitesimal affine transformation if its one-parameter group
consists of affine transformations. The necessary and sufficient condition for Z to be an infinitesimal affine transfor-
mation is that
LZ(∇Y ξ) = ∇[Z,Y ]ξ + ∇YLZξ
for every vector field Y on TM and every vector section ξ , or
[LZ,∇Y ] = ∇[Z,Y ]
for every vector field Y on TM . More generally, any vector field (complete or not) which satisfies this condition is
called an infinitesimal affine transformation. Roughly speaking, an infinitesimal affine transformation is a vector field
whose flow consists of affine transformations, as we said in the Introduction.
Note that we require only that Z is projectable. Other authors [4,10,14] have always taken an infinitesimal affine
transformation to be the complete lift of a vector field X on M . This is of course the most interesting case, but our
generalization has its points of interest too. If Z = XC is an infinitesimal affine transformation we will call X (a vector
field on M) a strict infinitesimal affine transformation.
We will for the moment continue with projectable vector fields, but we will find it convenient to write them in the
form Z = XC + V , where V is of course vertical.
We now give the coordinate conditions for a projectable vector field Z to be an infinitesimal affine transformation
of a Berwald connection. We first show that for any projectable vector field Z and any vertical vector field W on
T ◦M , [LZ,∇W ] = ∇[Z,W ], so that this part of the condition for Z to be an infinitesimal affine transformation is
automatically satisfied. It will be enough to prove that LZ(∇Wξ)−∇WLZξ = ∇[Z,W ]ξ whenever ξ is basic and W is
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so ∇[Z,W ]ξ = 0.
We evaluate the condition LZ(∇Y ξ) = ∇[Z,Y ]ξ + ∇YLZξ with ξ = ∂/∂xβ , Y = Ha and
Z = Xa ∂
∂xa
+
(
ub
∂Xa
∂xb
+ V a
)
∂
∂ua
.
We find that
LZ
(
∂
∂xβ
)
= −∂X
c
∂xb
∂
∂xc
, [Z,Ha] = −∂X
c
∂xa
Hc (mod Vb).
The condition with Y = Ha is
∂2Xc
∂xa∂xb
+ ∂X
d
∂xa
Γ cdb +
∂Xd
∂xb
Γ cad −
∂Xc
∂xd
Γ dab +Z
(
Γ cab
)= 0.
This condition can equivalently be expressed in terms of Berwald covariant derivatives, as follows:
∇Ha∇HbXc +XdRcbda +
(∇SXd + V d)Bcabd = 0,
where Rdcab is the Riemann curvature of the Berwald connection,
Rdcab
∂
∂xd
= (∇Ha∇Hb − ∇Hb∇Ha − ∇[Ha,Hb])
∂
∂xc
,
Bdabc its Berwald curvature,
Bdabc
∂
∂xd
= (∇Va∇Hb − ∇Hb∇Va − ∇[Va,Hb])
∂
∂xc
= ∂Γ
d
bc
∂ua
∂
∂xd
;
and ∇SXd is the d th component of ∇SX, the covariant derivative of the basic vector section X with respect to the
spray S = uaHa .
Notice that the necessary and sufficient condition for a vertical vector field to be an infinitesimal affine transfor-
mation is that V dBcabd = 0. In particular, since the connection is homogeneous the Liouville field is an infinitesimal
affine transformation. Since the vanishing of the Berwald curvature is the necessary and sufficient condition for a
spray to be affine, we have the following amusing result: a necessary and sufficient condition for a spray to be affine
is that every vertical vector field is an infinitesimal affine transformation of its Berwald connection.
On the other hand, the condition for a vector field X on M to be a strict infinitesimal affine transformation is that
∂2Xc
∂xa∂xb
+ ∂X
d
∂xa
Γ cdb +
∂Xd
∂xb
Γ cad −
∂Xc
∂xd
Γ dab +XC
(
Γ cab
)= 0,
or in terms of covariant derivatives
∇Ha∇HbXc +XdRcbda + ∇SXdBcabd = 0,
the condition given by Yano [14]. In particular, if the spray in question is actually affine then this condition (without
the term involving Bcabd ) is just the condition for X to be an infinitesimal affine transformation of the corresponding
affine connection.
In this latter special case we know that X is an infinitesimal affine transformation if and only if [XC, S] = 0. We
now consider the same question in the general case, where the spray need not be affine, and where Z = XC + V need
not be a complete lift. Now for any complete lift XC and spray S, [XC, S] is vertical, and for any vertical vector
field V ,
[V,S] = V a ∂
∂xa
(mod Vb).
Thus in order that [Z,S] = 0 we must have V = 0, so that in fact Z must be a complete lift; when that is the case then
the remaining part of the condition becomes
1
uaub
∂2Xc − ∂X
c
Γ d +Xd ∂Γ
c
+ ue ∂X
d ∂Γ c = 0.2 ∂xa∂xb ∂xd ∂xd ∂xe ∂ud
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with respect to ua and ub , gives the first; contracting the first with ua and ub gives second by homogeneity.
Much of the theory above could be applied without much change to connections of Berwald type, for what it would
be worth.
5. Projectively equivalent sprays and projective transformations
For an extensive discussion of the projective differential geometry of sprays see [2]; also, Shen’s book [8] is a
standard modern reference.
Two sprays are projectively equivalent if they have the same geodesics, considered as oriented paths (point sets
traversed in a given sense). A necessary and sufficient condition for S, Sˆ to be projectively equivalent is S − Sˆ = αΔ
for some function α on T ◦M , homogeneous of degree 1.
A vector field X on M is an infinitesimal projective transformation of a spray S if the flow of XC maps S to a
projectively equivalent spray. The condition for this is that
[XC, S] = FΔ
for some function F on T ◦M , homogeneous of degree 1. Such a vector field will then be an infinitesimal projec-
tive transformation of each spray in the projective equivalence class. In coordinates, the condition for X to be an
infinitesimal projective transformation is
1
2
ubuc
∂2Xa
∂xb∂xc
+ uc ∂X
b
∂xc
Γ ab −
∂Xa
∂xb
Γ b +Xb ∂Γ
a
∂xb
= −1
2
Fua.
By differentiating with respect to ub and taking the trace over a and b, using the homogeneity of F , one obtains an
expression for F involving m= dimM :
−1
2
(m+ 1)F = uc ∂(divX)
∂xc
+ ud ∂X
c
∂xd
Γc +Xc ∂Γ
∂xc
,
where Γ = Γ aa , Γc = ∂Γ/∂uc , and divX = ∂Xa/∂xa .
Using this result, the conditions for X to be an infinitesimal projective transformation can be written in a convenient
form in terms of the quantities
Πa = Γ a − 1
m+ 1Γ u
a, Πab =
∂Πa
∂ub
, Πabc =
∂2Πa
∂ub∂uc
.
The Πabc are called by Douglas [3] the fundamental invariants of the projective class; we will use this term indiscrimi-
nately for any of the above quantities; they are after all essentially equivalent, since Πa = Πab ub = 12Πabcubuc. It is an
important property of the fundamental invariants that Πaa = 0. The conditions for X to be an infinitesimal projective
transformation become
1
2
ubuc
∂2Xa
∂xb∂xc
+ uc ∂X
b
∂xc
Πab −
∂Xa
∂xb
Πb +Xb ∂Π
a
∂xb
= 1
m+ 1u
b ∂(divX)
∂xb
ua,
or equivalently
∂2Xa
∂xb∂xc
+ ∂X
d
∂xb
Πacd +
∂Xd
∂xc
Πabd −
∂Xa
∂xd
Πdbc +Xd
∂Πabc
∂xd
+ ue ∂X
d
∂xe
∂Πabc
∂ud
= 1
m+ 1
(
∂(divX)
∂xb
δac +
∂(divX)
∂xc
δab
)
.
6. Projective transformations of projective space
Before proceeding with the general discussion, we examine in some detail the special case of projective space
itself.
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the projective structure on Pm may be considered as arising from the standard flat connection on Rm+10 . In this repre-
sentation, each vector field on Pm may be represented by an equivalence class of projectable vector fields on Rm+10 ,
where two such projectable vector fields X, Xˆ are equivalent if their difference Xˆ−X is a multiple of the radial vector
field Υ . Each equivalence class has a canonical representative with vanishing divergence (with respect to the standard
volume on Rm+10 ), using the fact that divΥ = m+ 1, so that div Xˆ = 0 where
Xˆ = X − divX
m+ 1Υ.
Similarly, a diffeomorphism of Pm may be represented as an equivalence class of projectable diffeomorphisms of
Rm+10 , where two such diffeomorphisms φ, φˆ are equivalent if φˆ = rf ◦ φ where rf is the radial diffeomorphism of
Rm+10 defined by rf (x) = f (x)x for a non-vanishing function f on Rm+10 .
Now specialise to projective diffeomorphisms of Pm which preserve the geodesics. These diffeomorphisms may
be represented by equivalence classes of linear transformations of Rm+1 (restricted to Rm+10 ), where two such linear
transformations g, gˆ are equivalent if gˆ = rλ ◦g where rλ is the radial diffeomorphism of Rm+10 defined by rλ(x) = λx
and where, necessarily, λ is a non-zero number rather than a non-zero function. In other words, we quotient the group
GL(m+ 1) of non-singular matrices by the subgroup of non-zero multiples of the identity, giving PGL(m+ 1). When
m is even, there is a unique representative of the equivalence class which is volume-preserving, so that we represent
PGL(m + 1) by SL(m + 1). When m is odd, there are two representatives, which are either both volume-preserving
or both volume-reversing. We note that general affine transformations of Rm+1 do not restrict to Rm+10 unless they are
linear.
An infinitesimal projective transformation of Pm is a vector field on Pm whose flow consists of projective dif-
feomorphisms. Thus we may represent such a vector field as an equivalence class of linear vector fields on Rm+10 ,
differing by constant multiples of the radial vector field Υ . We note that general infinitesimal affine transformations
of Rm+1 restrict to the open submanifold Rm+10 , but they do not project to Pm unless they are linear. Nevertheless, the
pure infinitesimal translations of Rm+10 , that is, the constant vector fields, do have a rôle to play in projective space.
Take a constant vector field X. At each point of a ray in Rm+10 , the vectors defined by X project to vectors on Pm in
the same direction but of differing magnitudes. Thus X defines a line element field on Pm whose integral manifolds
are the lines in Pm passing through a particular point p ∈ Pm, where p is the ray in Rm+10 given by the direction of X.
7. The BTW-connection of a projective class of sprays
We now return to the general case of a projective equivalence class of sprays on a manifold M of dimension m. The
case of projective space itself suggests that there should be another manifold corresponding to Rm+10 , of dimension
m+ 1, carrying a connection which gives rise to the class of sprays. The construction of such a manifold was carried
out by Roberts [5], and a modified version of his construction was used in our earlier work [2]. We call the new
manifold the volume bundle VM → M . An element of VM is an unsigned, non-vanishing m-covector ±θ , where
θ ∈∧m T ∗M . If v is the usual volume coordinate (that is, θ = v(θ) dx1 ∧ · · · ∧ dxm) then we take, as fibre coordinate
on VM , x0 = |v|1/(m+1); in this way, VM → M becomes a principal R+-bundle. We shall adopt the convention for
labelling coordinates that Latin indices (xa) = (x1, . . . , xm) will denote the coordinates on M , whereas Greek indices
(xα) = (x0, x1, . . . , xm) will denote coordinates on VM . In these coordinates, the fundamental vector field of the
principal bundle structure is Υ = x0∂/∂x0. There is also a canonical odd scalar density |dΘ| on VM , obtained from
the tautological m-form Θ on
∧m
T ∗M ; in coordinates, |dΘ| = ±(m+ 1)(x0)m dx0 ∧ · · · ∧ dxm.
Dealing with the case of affine connections and sprays, Roberts [5], in our modified interpretation, defines a
Thomas–Whitehead connection (a TW-connection) as a symmetric affine connection ∇˜ on VM , satisfying the con-
ditions that ∇˜Υ = id and that ∇˜ is invariant under the R+-action on the fibres of VM ; the latter condition may be
restated in infinitesimal form as that Υ is an infinitesimal affine transformation of ∇˜ , so that
[Υ, ∇˜XY ] = ∇˜[Υ,X]Y + ∇˜X[Υ,Y ].
In coordinates, a TW-connection ∇˜ has connection coefficients Γ˜ γαβ satisfying
Γ˜
γ = Γ˜ 0 = 0, Γ˜ c = (x0)−1δca00 a0 a0
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Υ
(
Γ˜ cab
)= 0, Υ (Γ˜ 0ab)= Γ˜ 0ab.
Roberts goes on to show that any Ehresmann connection form ϑ on the principal bundle ν :VM → M gives rise to
a symmetric affine connection ∇ on M , and that different connection forms give rise to projectively-related affine
connections. If the connection form is
ϑ = (x0)−1 dx0 + ϑa dxa
then the related affine connection ∇ on M has connection coefficients
Γ cab = Γ˜ cab − ϑaδcb − ϑbδca.
We may describe this construction of ∇ in an alternative way when the connection form ϑ is exact and arises from a
global section σ :M → VM of the volume bundle, so that if σ 0 = x0 ◦ σ then
ϑ = (x0)−1 dx0 + (σ 0)−1 ∂σ 0
∂xa
dxa.
To use the alternative method, first consider the tangent map σ∗ :TM → T (VM); this is a section of ν∗ :T (VM) →
TM . Write σ˙ 0 = u0 ◦ σ∗, so that
σ˙ 0 = ua ∂σ
0
∂xa
;
then σ˙ 0, as a function on TM , is the total time derivative of σ 0. The image of the tangent map σ∗ is a submanifold of
T (VM), defined locally by the equations x0 = σ 0, u0 = σ˙ 0.
Now consider the geodesic spray of the TW-connection. This is the vector field
S˜ = uγ ∂
∂xγ
− 2Γ˜ γ ∂
∂uγ
on T (VM), where 2Γ˜ γ = Γ˜ γαβuαuβ ; thus
S˜ = uγ ∂
∂xγ
− (Γ˜ cabuaub + (x0)−1u0uc) ∂∂uc − Γ˜ 0abuaub
∂
∂u0
.
At each point v ∈ Im(σ∗) ⊂ T (VM), Γ˜v ∈ TvT (VM), so define the vector field S on TM by Sν∗(v) = ν∗∗(S˜v); this is
well-defined as ν∗|Im(σ∗) is an injection. Here, ν∗∗ is the tangent map of ν∗, not of its restriction to the image of σ∗, so
that its domain is the whole of TvT (VM). In coordinates,
S = uc ∂
∂xc
−
(
Γ˜ cabu
aub + (σ 0)−1 ∂σ 0
∂xa
uauc
)
∂
∂uc
so that S is the geodesic spray of the affine connection ∇ .
We now reproduce this approach for a general spray, again working locally in coordinates initially (though we will
consider the global aspects of the construction in due course). We consider the complete and vertical lifts of Υ to
T ◦(VM), Υ C and Υ V. Both of course are projectable to VM : in coordinates
Υ C = x0 ∂
∂x0
+ u0 ∂
∂u0
, Υ V = x0 ∂
∂u0
.
A Berwald–Thomas–Whitehead connection (or, more briefly, a BTW-connection) is a Berwald connection on VM
with covariant derivative ∇˜ (operating on sections of the pull-back bundle τ ◦∗VM(T (VM)) → T ◦(VM)), corresponding
to a spray S˜ on T ◦(VM), which satisfies the following conditions:
1. as a basic vector section Υ satisfies ∇˜Υ = (τ ◦VM)∗—or, more explicitly, ∇˜YΥ = (τ ◦VM)∗Y for any vector field Y
on T ◦(VM), where (τ ◦VM)∗Y is the corresponding vector section;
2. both Υ C and Υ V are infinitesimal affine transformations of ∇˜ .
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rather than on VM) must satisfy
Γ˜
γ
00 = Γ˜ 0a0 = 0, Γ˜ ca0 =
(
x0
)−1
δca
from the first condition,
Υ C
(
Γ˜ cab
)= 0, Υ C(Γ˜ 0ab)= Γ˜ 0ab
because Υ C is affine (that is, Υ is strictly affine), and
Υ V
(
Γ˜
γ
αβ
)= 0
because Υ V is affine. Thus in particular Γ˜ cab is projectable to T ◦M , as is (x0)−1Γ˜ 0ab . As before,
S˜ = uγ ∂
∂xγ
− (Γ˜ cabuaub + (x0)−1u0uc) ∂∂uc − Γ˜ 0abuaub
∂
∂u0
.
In [2] we define a BTW-spray to be a spray S˜ on T ◦(VM) satisfying LΓ C S˜ = 0 and LΓ V S˜ = Γ C −2Δ˜, where Δ˜ is the
dilation field on T ◦(VM); the coordinate expression above shows that the spray of a BTW-connection is a BTW-spray.
Now let σ :T ◦M → T ◦(VM) be a section of ν∗ :T ◦(VM) → T ◦M which projects to a section σ¯ :M → VM , and
which has the property that σ∗(Δ) = Δ˜ ◦ σ . Write σ 0 = u0 ◦ σ and σ¯ 0 = x0 ◦ σ ; then Δ(σ 0) = σ 0. Now at each point
v ∈ Im(σ )⊂ T ◦(VM), S˜v ∈ TvT ◦(VM), so define the vector field S on T ◦M by Sν∗(v) = ν∗∗(S˜v); this is well-defined
as ν∗|Im(σ ) is an injection. In coordinates,
S = uc ∂
∂xc
− (Γ˜ cabuaub + (σ¯ 0)−1σ 0uc) ∂∂uc
so that S is a spray on T ◦M ; a different choice of section σ will give a projectively-related spray. Thus any BTW-
connection on VM defines a projective equivalence class of sprays on M . The fundamental invariants Πa of this
projective equivalence class depend just on the Γ˜ abc , and are given by
Πa = Γ˜ a − 1
m+ 1 Γ˜ u
a,
where Γ˜ a = 12 Γ˜ abcubuc and Γ˜ = Γ˜ aa = Γ˜ abaub .
Next, we observe that for any BTW-connection
∇˜|dΘ| = −(Γ˜ aba dxb)⊗ |dΘ|.
Thus if ∇˜|dΘ| = 0 then Γ˜ aba = 0, so that Γ˜ = 0 and Γ˜ a = Πa ; the coefficients Γ˜ abc of the BTW-connection in this
case are just the fundamental invariants of the corresponding projective equivalence class of sprays on M .
Finally, we find that the Ricci tensor R˜αβ = R˜γαγβ of such a BTW-connection (where R˜δαβγ is its Riemann tensor)
is given by
R˜α0 = R˜0β = 0, R˜ab = Rab + (m− 1)
(
x0
)−1
Γ˜ oab,
where Rab is the Ricci ‘tensor’ formed from the Πabc . Thus if we take
Γ˜ oab = −
1
m− 1x
0Rab
then the BTW-connection will have vanishing Ricci tensor.
Suppose now that we are given a projective equivalence class of sprays on M . Then in any coordinate patch on VM
with coordinates (x0, x1, . . . , xm) where the xa are coordinates on M and x0 the global coordinate defined earlier,
there is a unique Berwald connection defined on the patch which satisfies the conditions
1. ∇˜Υ = (τ ◦VM)∗;
2. Υ C and Υ V are infinitesimal affine transformations of ∇˜;
3. ∇˜|dΘ| = 0;
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5. the projective equivalence class of sprays it induces on M is the given one.
But since the local Berwald connection is uniquely determined, and the properties that determine it are covariant, it
must be the local representation of a global Berwald connection with the same properties. We call this BTW-connection
the normal BTW-connection for the projective class. The corresponding spray, given in coordinates by
S˜ = uγ ∂
∂xγ
− 2(Πcabuaub + (x0)−1u0uc) ∂∂uc +
1
m− 1x
0Rabu
aub
∂
∂u0
,
is called the normal BTW-spray of the projective class.
In [2] we derived the results above by a different method, based on the properties of sprays rather than connections.
The argument above is closer to the one given for the affine case by Roberts [5], based on the original ideas of
Thomas [11,12] and Whitehead [13].
The curvatures of the normal BTW-connection connection can be expressed in part in terms of projective invariants
of the corresponding projective class of sprays on M . For the Riemann curvature R˜αβγ δ we have
R˜abcd = Pabcd , R˜0bcd =
1
m− 1x
0(Rbc|d − Rbd|c),
and for the Berwald curvature B˜αβγ δ
B˜abcd = Dabcd, B˜0bcd = −
1
m− 1x
0 ∂Rbc
∂ud
,
all other components being zero in each case. Here Pabcd is the projective curvature tensor and Dabcd the Douglas tensor
of the projective class, and Rbc|d is the ‘covariant derivative’ of Rbc , computed using the fundamental invariants as
connection coefficients. The vanishing of the Douglas tensor is the necessary and sufficient condition for the projective
class to be affine, that is to contain an affine spray; the fundamental invariants are then independent of the ua , and
consequently so are the Rbc . When Dabcd = 0, and for m 3, the vanishing of the projective curvature tensor is the
necessary and sufficient condition for the projective class to be flat, or rectifiable, that is, to contain a spray for which
Γ a = 0 in some coordinates. When m = 2, however, Pabcd is identically zero, and the condition for rectifiability is that
Rbc|d = Rbd|c . That is to say, a necessary and sufficient condition for a spray on M to be projectively flat (that is,
projectively equivalent to the flat spray) is that its BTW-connection should be flat.
8. Affine transformations of a BTW-connection
The BTW-connection contains all the projective information about a spray on M (or equally its projective equiv-
alence class) in the form of a single spray on VM ; it is therefore to be expected that the projective transformations
of a spray on M should be correlated with the affine transformations of the corresponding BTW-connection. We now
examine the extent to which this is the case.
Let us take the BTW-spray S˜ on VM and examine the conditions on the coefficients of the complete lift XC of a
vector field X on VM ,
X = Xα ∂
∂xα
,
for it to be an infinitesimal affine transformation of the corresponding BTW-connection (that is, for X to be a strict
infinitesimal affine transformation): these are
∂2Xα
∂xβ∂xγ
+ ∂X
δ
∂xβ
Γ˜ αδγ +
∂Xδ
∂xγ
Γ˜ αδβ −
∂Xα
∂xδ
Γ˜ δβγ +XC
(
Γ˜ αβγ
)= 0.
We will examine the equations obtained by taking various values for α, β and γ .
First of all, (α,β, γ ) = (0,0,0) gives
∂2X0
0 2 = 0,∂(x )
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∂2Xa
∂(x0)2
+
(
2
x0
)
∂Xa
∂x0
= 0.
Thus
X0 = A0x0 +B0, Xa = Aa + (x0)−1Ba
for certain functions Aα , Bα on M . Thus
X =
(
A0x0
∂
∂x0
+Aa ∂
∂xa
)
+
(
B0
∂
∂x0
+ (x0)−1Ba ∂
∂xa
)
= A+B,
say. Now [Υ,X] = −B , so B is a well-defined vector field on VM , and so is A = X −B .
Next, (α,β, γ ) = (0, b,0) gives
∂B0
∂xb
− 1
m− 1RbcB
c = 0,
while (α,β, γ ) = (a, b,0) gives
∂Ba
∂xb
+ΠabcBc +B0δab = 0.
These two equations, together with the explicit form of the vector field B , say that B satisfies
∇˜B = 0.
For the next stage, we need to establish the specific dependence of the Xα on x0 in the expression for XC. Denote
by A¯, B¯ the local vector fields which are formally the complete lifts of Aa∂/∂xa , Ba∂/∂xa to T ◦M ; then
XC = A0
(
x0
∂
∂x0
+ u0 ∂
∂u0
)
+B0 ∂
∂x0
+ ub
(
x0
∂A0
∂xb
+ ∂B
0
∂xb
)
∂
∂u0
+ A¯+ (x0)−1B¯ − (x0)−2u0Ba ∂
∂ua
.
The dependence of everything on x0 and u0 is now explicit; any expression not involving either of them lives on
T ◦M , or even M . In the remaining cases of the affine transformation conditions we set to zero separately coefficients
of different powers of x0; we get in this way two equations in either case. With (α,β, γ ) = (0, b, c) we find, from the
coefficient of x0,
∂2A0
∂xb∂xc
− ∂A
0
∂xd
Πdbc −
1
m− 1
(
∂Ad
∂xb
Rdc + ∂A
d
∂xc
Rdb + A¯(Rbc)
)
= 0
and from the terms independent of x0 an equation involving only B which we will deal with later. With (α,β, γ ) =
(a, b, c) we find, from the terms independent of x0,
∂2Aa
∂xb∂xc
+ ∂A
d
∂xb
Πadc +
∂Ad
∂xc
Πadb −
∂Aa
∂xd
Πdbc + A¯
(
Πabc
)+ ∂A0
∂xb
δac +
∂A0
∂xc
δab = 0,
and from the terms involving (x0)−1 another equation involving only B which again we will deal with later.
By taking the trace over a and c in the equation above for Aa we obtain
∂A0
∂xb
= − 1
m+ 1
∂(divA)
∂xb
;
so that
A0 = − 1
m+ 1 divA+ k,
where k is a constant. Taking k = 1, Aa = Bα = 0 gives Υ , which we know to be affine. On the other hand, with k = 0
and Ba = 0, the condition on Aa above is just the condition, expressed in terms of the fundamental invariants, for the
corresponding vector field on M to be a projective transformation.
246 M. Crampin, D.J. Saunders / Differential Geometry and its Applications 25 (2007) 235–250The other condition may be written, on substituting for A0,
m− 1
m+ 1
(
∂2(divA)
∂xb∂xc
− ∂(divA)
∂xd
Πdbc
)
+
(
∂Ad
∂xb
Rdc + ∂A
d
∂xc
Rdb + A¯(Rbc)
)
= 0.
As it happens, this is a consequence of the first condition, as we now show. First of all, the second bracket on the
left-hand side can be written
∂Ad
∂xb
Rdc + ∂A
d
∂xc
Rdb + A¯(Rbc) = 12
∂2(A¯(R))
∂ub∂uc
,
where R = Rbcubuc . Next, we take the condition for Aa to define a projective transformation in the form which is
homogeneous of degree 2 in the ua :
1
2
ubuc
∂2Aa
∂xb∂xc
+ uc ∂A
b
∂xc
Πab −
∂Aa
∂xb
Πb +Ab ∂Π
a
∂xb
= 1
m+ 1u
b ∂(divA)
∂xb
ua,
On differentiating this with respect to xa and taking a trace we obtain
1
2
ubuc
∂2(divA)
∂xb∂xc
+ uc ∂
2Ab
∂xa∂xc
Πab + uc
∂Ab
∂xc
∂Πab
∂xa
− ∂(divA)
∂xb
Πb +Ab ∂
2Πa
∂xa∂xb
= 1
m+ 1u
buc
∂2(divA)
∂xb∂xc
.
It follows that
m− 1
m+ 1
(
1
2
ubuc
∂2(divA)
∂xb∂xc
−Πb ∂(divA)
∂xb
)
+
(
− 2
m+ 1
∂(divA)
∂xb
Πb + uc ∂
2Ab
∂xa∂xc
Πab + uc
∂Ab
∂xc
∂Πab
∂xa
+Ab ∂
2Πa
∂xa∂xb
)
= 0.
If we differentiate the original condition with respect to ub and transvect the result with Πba we find that
uc
∂2Ab
∂xa∂xc
Πab + ud
∂Ac
∂xd
ΠabcΠ
b
a +Ac
∂Πab
∂xc
Πba =
2
m+ 1
∂(divA)
∂xb
Πb,
since Πab is trace-free and uaΠba = 2Πb by homogeneity. Thus
m− 1
m+ 1
(
1
2
ubuc
∂2(divA)
∂xb∂xc
−Πb ∂(divA)
∂xb
)
+
(
Ab
(
∂2Πa
∂xa∂xb
− ∂Π
a
c
∂xb
Πca
)
+ uc ∂A
b
∂xc
(
∂Πab
∂xa
−ΠabdΠda
))
= 0.
But the terms in the second line are just 12 A¯(R), so if this equation is twice differentiated, with respect to ub and uc ,
the required equation is obtained.
Thus we see that there is a bijection between the projective transformations of S, and the affine transformations of
S˜ which commute with Υ , modulo constant multiples of Υ .
We defer to the next section consideration of the case where Bα 
= 0.
9. Translations
To understand the significance of the infinitesimal affine transformations of S˜ which do not commute with Υ , we
look once again at the case of projective space. The BTW-spray should be the standard flat spray on Rm+10 ; however, in
the coordinates xα not all of the connection coefficients vanish (we have Γ˜ a0b = Γ˜ ab0 = (x0)−1δab ), which indicates that
these are not Cartesian coordinates. If we take the xa to be affine coordinates on Pm, related to Cartesian coordinates
yα by xa = ya/y0, then the construction of the volume bundle gives x0 = y0, so Cartesians are given in terms of the
xα by
y0 = x0, ya = x0xa.
The connection coefficients do indeed vanish in these coordinates, as can most easily be seen by writing down the
geodesic equations for the BTW-spray, which in the original coordinates are
x¨0 = 0, x¨a + 2(x0)−1x˙0x˙a = 0;
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y¨a = x¨0xa + 2x˙0x˙a + x0x¨a.
The transformation laws for the coordinate vector fields will be useful: they are
∂
∂y0
= ∂
∂x0
− x
a
x0
∂
∂xa
,
∂
∂ya
= 1
x0
∂
∂xa
;
of course
Υ = x0 ∂
∂x0
= y0 ∂
∂y0
+ ya ∂
∂ya
= yα ∂
∂yα
.
In terms of the xα the equations for the affine transformations of the BTW-connection are
∂Ba
∂xb
+B0δab = 0,
∂B0
∂xb
= 0
for the B type ones (there are no further conditions on B in this case), and
∂2Aa
∂xb∂xc
+ ∂A
0
∂xb
δac +
∂A0
∂xc
δab = 0,
∂2A0
∂xb∂xc
= 0
for the A type ones. Thus B0 is constant, and Ba = −B0xa + Ca where Ca is constant. The corresponding vector
field on Rm+1 is
X = B0
(
∂
∂x0
−
(
xa
x0
)
∂
∂xa
)
+Ca 1
x0
∂
∂xa
= B0 ∂
∂y0
+Ca ∂
∂ya
;
so these are the translations. For the Aα we have
A0 = A0axa +K0, Aa = −A0bxbxa +Kab xb +Ka,
where all the coefficients are constants, and so, finally, the infinitesimal affine transformation is
X = x0A0 ∂
∂x0
+Aa ∂
∂xa
= A0bxb
(
x0
∂
∂x0
− xa ∂
∂xa
)
+K0x0 ∂
∂x0
+ (Kab xb +Ka) ∂∂xa
= A0byb
∂
∂y0
+K0yα ∂
∂yα
+ (Kab yb +Kay0) ∂∂ya .
Thus the A type affine transformations are the linear ones and the B type ones are the translations.
Now return to the general case. The strict infinitesimal affine transformations of a spray form a Lie algebra of
maximum dimension n(n+1) where n is the dimension of the base manifold [14]; projective transformations likewise,
of dimension n(n + 2). The maximum dimension is attained in each case only for the flat structure. In our situation
we have an algebra of affine transformations a on T ◦(VM), with n = m+ 1, and one of projective transformations p,
on T ◦M , with n = m. The A type elements of a satisfy [Υ,A] = 0, while the B type elements satisfy [Υ,B] = −B;
and of course Υ ∈ a. Denote by A the subspace of a consisting of A type elements and B the subspace of B type
elements; then a = A⊕B as vector spaces. Now for A1,A2 ∈ A, [Υ, [A1,A2]] = 0 from the Jacobi identity, so A is a
subalgebra. For B1,B2 ∈ B, [Υ, [B1,B2]] = −2[B1,B2] so we must have [B1,B2] = 0, that is, B is Abelian. Finally,
for A ∈ A, B ∈ B, [Υ, [A,B]] = −[A,B], so that [A,B] ∈ B. Thus B is an Abelian ideal, and a/B = A. Moreover,
p = A/〈Υ 〉. We note that the maximum dimension of a is (m + 1)(m + 2), and that of A is m(m + 2) + 1. If these
dimensions are attained, the dimension of B is (m+ 1)(m+ 2)−m(m+ 2)− 1 = m+ 1 = dim(VM).
We now show that if dim(B) = dim(VM) then the spray S on M is projectively flat. If this condition holds, then
at any point in M we can choose the values of the Ba arbitrarily. Now the first condition for B to be affine is that
∇˜B = 0. The further conditions that we failed to write down in the previous section come from the general condition
∇˜
H˜α
∇˜
H˜β
Xγ +XδR˜γβδα + ∇˜S˜XδB˜γαβδ = 0;
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0. Thus if dim(B) = dim(VM) and m  3 then Dcbda = 0 and P cbda = 0, the other conditions are satisfied as a
consequence, and the spray S on M is projectively flat. If m = 2 on the other hand then Dcbda = 0, P cbda is identically
zero, Rbc|d − Rbd|c = 0, the other condition is satisfied as a consequence, and again the spray S on M is projectively
flat.
We can also arrive at the same result from a different point of view. A BTW-connection, considered simply as
a connection on the bundle τ ◦∗VM(T (VM)) → T ◦(VM), gives rise to a horizontal distribution on the total space
τ ◦∗VM(T (VM)); an integral section of such a connection is a vector section ξ whose image is an integral manifold of
the distribution. For a connection given by a covariant derivative ∇˜ , the integral sections are those satisfying ∇˜ξ = 0.
Given a connection of Berwald type, this condition implies first of all that ∂ξα/∂uβ = 0, so that ξ must be basic and
therefore derived from a vector field on VM , and also that
∂ξα
∂xβ
+ Γ˜ αβγ ξγ = 0.
But now, substituting the values of Γ˜ αβγ for a BTW-connection, we simply recover the equations
∂ξ0
∂xb
+ ρbcξc = 0,
∂ξa
∂xb
+Πabcξc + ξ0δab = 0.
Thus any B type affine transformation, a vector field on VM , gives rise to a basic vector section which is an in-
tegral section of the BTW-connection. If at each point of VM there are m + 1 linearly independent B type affine
transformations, then at each point of T ◦(VM) there are m + 1 linearly independent integral sections, so that there
is an integral section through each point of τ ◦∗VM(T (VM)). Thus, by Frobenius’s Theorem, the BTW-connection has
vanishing curvature; any spray on T ◦M in the associated projective class must therefore be projectively flat.
10. Example: Shen’s circles
The following nice example of a non-affine spray is due to Shen [8].
Consider the spray on R2 (coordinates (x, y), velocity components (u, v)):
S = u ∂
∂x
+ c ∂
∂y
+
√
u2 + v2
(
v
∂
∂u
− u ∂
∂v
)
.
Its base integral curves are circles of unit radius, traversed counter-clockwise. (Notice that u2 + v2 is a constant
on any integral curve; if the value of the constant is k > 0 then with an appropriate choice of origin for t we have
x˙ = k sin(kt), y˙ = k cos(kt), so that x = − cos(kt) + a, y = sin(kt) + b.) Orientation-preserving Euclidean motions
are clearly (strict) affine transformations; we show that there are no others. The equations [ZC, S] = 0, where
Z = X ∂
∂x
+ Y ∂
∂y
,
turn out to be
√
u2 + v2
(
u2
∂2X
∂x2
+ 2uv ∂
2X
∂x∂y
+ v2 ∂
2X
∂y2
)
= −v3 ∂X
∂x
+ u(u2 + 2v2)
(
∂X
∂y
+ ∂Y
∂x
)
+ v(u2 + 2v2)∂Y
∂y
,
√
u2 + v2
(
u2
∂2Y
∂x2
+ 2uv ∂
2Y
∂x∂y
+ v2 ∂
2Y
∂y2
)
= −u(2u2 + v2)∂X
∂x
− v(2u2 + v2)
(
∂X
∂y
+ ∂Y
∂x
)
+ u3 ∂Y
∂y
.
These equations (for the unknown functions X(x,y), Y(x, y)) hold for all (u, v) 
= (0,0) for each (x, y). But the
right-hand sides change sign under the map (u, v) → (−u,−v), while the left-hand sides are unchanged; thus each is
separately zero. Thus all second partial derivatives of X and Y are zero, and
∂X = ∂Y = ∂X + ∂Y = 0,
∂x ∂y ∂y ∂x
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Z = a ∂
∂x
+ b ∂
∂y
+ c
(
y
∂
∂x
− x ∂
∂y
)
is the infinitesimal generator of a Euclidean motion.
There are no projective transformations of S in addition to these affine ones. The equations for a projective trans-
formation are
√
u2 + v2
(
u2
∂2X
∂x2
+ 2uv ∂
2X
∂x∂y
+ v2 ∂
2X
∂y2
+ f u
)
= −v3 ∂X
∂x
+ u(u2 + 2v2)
(
∂X
∂y
+ ∂Y
∂x
)
+ v(u2 + 2v2)∂Y
∂y
,
√
u2 + v2
(
u2
∂2Y
∂x2
+ 2uv ∂
2Y
∂x∂y
+ v2 ∂
2Y
∂y2
+ f v
)
= −u(2u2 + v2)∂X
∂x
− v(2u2 + v2)
(
∂X
∂y
+ ∂Y
∂x
)
+ u3 ∂Y
∂y
for some function f positively homogeneous of degree 1 in u and v. Again, these hold for all (u, v) 
= (0,0). In
particular the first holds for u = 0, v 
= 0, whence
|v|v2 ∂
2X
∂y2
= −v3
(
∂X
∂x
− 2∂Y
∂y
)
,
from which it follows that
∂2X
∂y2
= 0, ∂X
∂x
= 2∂Y
∂y
.
Similarly, from the other equation,
∂2Y
∂x2
= 0, 2∂X
∂x
= ∂Y
∂y
.
Thus
∂X
∂x
= ∂Y
∂y
= 0,
and
X = a + αy, Y = b + βx.
On substituting these back into the original equations we find that
f = (α + β)(u
2 + 2v2)√
u2 + v2 = −
(α + β)(2u2 + v2)√
u2 + v2 ,
whence α + β = 0, and f = 0.
Among the equations for translations we find
∂B1
∂x
− v
3
2r3
B1 − u
3
2r3
B2 +B0 = 0,
∂B1
∂y
− u
3
2r3
B1 − v(3u
2 + 2v2)
2r3
B2 = 0,
∂B2
∂x
+ u(2u
2 + 3v2)
2r3
B1 + v
3
2r3
B2 = 0,
∂B2 + v
3
3 B
1 + u
3
3 B
2 +B0 = 0,∂y 2r 2r
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variables, and those independent of them, must vanish separately. Thus in particular
u3
2r3
B1 + v(3u
2 + 2v2)
2r3
B2 = 0,
u(2u2 + 3v2)
2r3
B1 + v
3
2r3
B2 = 0;
but the matrix of coefficients is non-singular (except on a curve in each fibre), and therefore B1 = B2 = 0, whence
B0 = 0. So there are no translations in this case.
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